
STOP 



Early Journal Content on JSTOR, Free to Anyone in the World 

This article is one of nearly 500,000 scholarly works digitized and made freely available to everyone in 
the world by JSTOR. 

Known as the Early Journal Content, this set of works include research articles, news, letters, and other 
writings published in more than 200 of the oldest leading academic journals. The works date from the 
mid-seventeenth to the early twentieth centuries. 

We encourage people to read and share the Early Journal Content openly and to tell others that this 
resource exists. People may post this content online or redistribute in any way for non-commercial 
purposes. 

Read more about Early Journal Content at http://about.jstor.org/participate-jstor/individuals/early- 
journal-content . 



JSTOR is a digital library of academic journals, books, and primary source objects. JSTOR helps people 
discover, use, and build upon a wide range of content through a powerful research and teaching 
platform, and preserves this content for future generations. JSTOR is part of ITHAKA, a not-for-profit 
organization that also includes Ithaka S+R and Portico. For more information about JSTOR, please 
contact support@jstor.org. 



Steady Motion in a Viscous Fluid. 289 



+u+sv = 



(t + t + t\ 



CD, 



at each point of the ellipsoidal shell we can write 
where de is an element of area of the surface, and 



r'= V(x'- xf + (y'~ yf + {z'- zf- 

If we denote by p L ,p 2 >Ps the pressures on unit of area, and by de the element 

of area of an infinitely great sphere containing the fluid, the following equations 

are known to be satisfied : „„,,-,.,, 

f/Pide -i-ffpide = 0, 

f/p 2 de +ffp 2 de' = 0, 

ffp 3 de+ffPsde' = Q; 

in our case these reduce to the first equation only since p 2 — p 3 = 0. 
Making rj. = %"" + y' 2 + z' 2 , we have 

1111 






r 2 

for the points at infinity, i. e. the points on the sphere it will be sufficient to take 

1 1 

and consequently 



/ r 



For brevity, write 



* = l/fcode'. 



N 2 = V(a 2 + fc) (b 2 + fc) (c 2 + fc), 



iV 3 = V(a, + fc) (b 2 + fc) (? + *,)• 
The quantity coJe' is now given by (Ferrer's Spherical Harmonics, page 129) 

ode.— -4 j^j^ d<]/ 2 dip s , 

and consequently 

*- ~t JJ ~im~ d ^ d ^> 

or, since \p 2 is between — c 2 and — b 2 and ^ 3 between — b 2 and — a 2 , 

J J " d *--nlr^l*-l^l~*rY 
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For iV 2 and iV 3 we can readily find values similar to that already found for JV t . 
In fact we have 

2 I . ft2 ~ ° 2 T.2 I I / 2 ^\ dn ^» 2ll / 2 2N Cn2 0l 

a +^ = ^^-> 6 +^ 1 = (a 2 -c 2 )^^-, c 2 + Vi = (« 2 - O ^> 

giving 

AT / 2 ^NJ dn ^' CU ^ 

jV, = (a 2 - c 2 )* 8u8fli • 
Also 

a 2 + ^ = (a 2 -c 2 )dn 2 2 , 6 2 + x}j 2 = (^-c 2 ) cn 2 2 , c 2 ^-^ = -(6 2 -c 2 ) sn 2 2 , 

and 

a 2 + r// 3 = (a 2 -c 2 )^sn 2 ^, 6 2 + ^ 3 = -(a 2 -c 2 )/r ! cn 2 6' 3 , c 2 +^ = -(a 2 -c 2 )dn 2 6> ? . 

From these we get 

^i - ^2 = (« 2 - c 2 ) j^ - dn 2 2 j, 

«Ai - <& = (« 2 - c 2 ) j^ - A? sn 2 3 j • 
Substituting in iV^ and iV 3 the values now found for a 2 + \fj 2 , etc., these become 



iV 2 = i (6 s — c 2 ) Va 2 — c 2 sn 2 en 2 dn 2 , 



iV 3 = (a 2 - 6 2 ) Va 2 — c 2 sn 3 en 0, dn 3 ; 
the above integral now becomes 

= — ffidn 2 e 2 - w- sin 2 e 3 ) de 2 ae z , 

a o 

since 

d 

jq sn = en 6 dn 0, 

^ dn = — k 2 sn en 0. 
Now 

/dn 2 d 2 dd 2 = § 6 2 + Z0 2 , 



where Z0 2 is the periodic part of the integral, and 

- £ 2 /sn 2 6 3 = Z6 3 + (| - 1)0 3 - 
Therefore, finally, 

ff wd( ! = ~ )/^3 [| + Z0 2 ] +/^ 2 [Z0,H- (f - l) 3 ] 
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the integration to be extended over the entire surface of the ellipsoid. We will 

denote this integral by J, and then shall have for the surface potential 

J 
* = -• 

For the determination of the total pressure upon the body we have now 

J pi de = — JpA' ; 

the right-hand member of this equation, which we will denote by — X, can thus 
be computed by merely integrating p x over the surface of the infinite sphere. 
Suppose, first, the case of very slow motions ; then, as we are only concerned 
with the value of p at infinity, we neglect the squares and products of the veloci- 
ties, also the terms containing V, 

dp = 2afx -j-idx, 

Now (Lamb's Fluid Motion, page 217), 

Pi = Zpxx + mpx, + np xz , etc., 

where I, m, n are the direction-cosines of the normal to the bounding surface ; in 
this case 



x y z 
— —> — ?-> 
r r r 



respectively. Also du 

Px.v = -p + ^H-dx' 



/du . dv\ 

P^-^\dTj + d-xy 

(du . dw\ 
dz+ dx)> etC - 



The other relations are well known. "We have now 

du _ <P* .... 
dx ~ aX ~dtf ' 

du dv <? 2 * 

Wy + dx ~ 2 aX dxdy' 

du ,dw cf 2 * 

dz + dx ~ AaX dxdz 



We have then 



( d^i x x d d<i/) 
P^- 2a l x \dx"r~T' r dr'Tx\' 
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x ( d& d civ) 



or 

Jx 



— — 6aji -pr m 

Write - — cos X, multiply by 2 rrr 2 sin XjX and integrate from X = 0toX=;2'7r; 

ffpide = — 8 irajjj. 
Therefore we have 

X = 8 Trail J. 

Introducing the found values of a and J, this is 

4^(^-j)i| /^.B'^ + ^3 + /^[^+(f- l ) g, 3 | 

~ A" 1 ( a 2 /o sn 2 ^^j -2t(« ! - c 2 ) JT \ 



or 



-3T = p 4ir/tX(a 2 — c 2 )* ^ — ^ 

* 2 K 1 - ^) * - ze ^\ - 2 *■ <> 2 - ¥ ) K 

The determination of this quantity in the general case will be extremely 
difficult, probably impossible. It will first be necessary to find the pressure of 
p from either of the formulas, no external forces acting, 



P 
where 



or from 



P_ r _ _(J_ CCC f dL i dM i dN\ dx'dy'd z' ) 
P~<* 9 \2*JJJ \te-rfy + tej r J 

L = v£, — wrj, M= — ul, N=ut), 

p — n A- 1 ff ^OsinSsin^ 7 , 1 CCC^ sin 8 sin V 7,7/7, 



The stream and vortex lines do not cut constantly at right angles, so no simpli- 
fication of this last is possible. A further investigation of this problem would 
require as a first step a thorough examination of the elliptic vortex rings formed 
in the fluid.* 

We have for the angular velocities 



f=0, 



a &' 



,_ d* 
L — ay-' 



* On this point see an article " On Circular Vortex Kings " by C. V. Coates, Quarterly Journal, Vol. XVI. 
p. 170. 
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These differential coefficients are known to be given by 

*i> (a* + ft) (c 2 + ft) 

dy *y (ft -ft) (ft -ft,)' 

^_ 9 (« 2 + ft) (b 2 + ft) . 
we have then for the differential equation of the vortex lines 

6 2 + ft "+" c 2 + ft — u 5 
for t/f x = 0, or all points on the surface of the ellipsoid, this gives 



*r+ 7*~ const'. 



Introducing elliptic functions, 



<fo 2 V« 2 - c 2 en 2 X dn ^ en fl 2 en 6 3 

dy ~ snO^l- sn 2 6 X (dn 2 2 + & 2 sn 2 8 ) + & 2 sn 2 6 X dn 2 2 sn 2 S \ ' 



<?* 2 Va 2 - c 2 dn 2 fl t en B-, sn gg dn 6> 3 

<fe ~ sn e x \ 1 - sn 2 6 X (dn 2 2 + A 2 sn 2 0„) + A; 2 sn 2 0! dn 2 2 sn 2 8 | 

Washington, D. C, Nov. 22, 1880. 



